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COLLAPSE OF A SPHERICAL CAVITY IN A MEDIUM
COMPLETELY TRANSPARENT TO VOLUME RADIATION

Ya. M. Kazhdan and I. B. Shchenkov UDC 301.17.33.05.07

When a spherical cavity collapses there develop in the vicinity of the center a
number of unique features in flow gas dynamic characteristics, which can essentially be
described by a self-similar solution corresponding to the process under consideration.

Self-similar solutions for gas dynamic flows upon collapse of a spherical cavity have
been found using the assumption of flow isoentropicity {1]. In the present study the flow
will be considered with presence of radiation losses in the medium, which is completely
transparent to volume radiation, these losses developing when the gas temperature outside the
cavity is sufficiently high. It will be assumed that the character of the radiation corre-
sponds to a braking mechanism of free—free electron transitions, since at sufficiently high
temperature all atoms of the material are completely jonized. The gas dynamic equations,
the self-similar solution of which will be obtained below, differ from the classical system
only in the presence of a term corresponding to radiant losses in the energy equation [2]:

2 2
ap(e—{—%)rz aou (e—;-’iz‘—{——:)l)rz
at T or

=Q,r°0%1?

(where the constant Qo < 0, a = 2, B = 1/2). Nevertheless this addition significantly
changes the character of the flow: it becomes nonisoentropic; the self-similarity index
increases as compared to the index obtained without consideration of radiant losses, which
intensifies cumulation. The self-similar solution will be determined using the principles
of [1], but will be significantly more complicated in view of the absence of an adiabatic
interval in the case under consideration.

1. Mathematical Formulation of the Problem. In the self-similar solution the equation
of state for the gas is assumed polytropic:
p = pct/n, e = pl/l(x — 1)p]), T = p/(Rp) = c*/(xR).

Here p is pressure; e is specific internal energy; p is density; T, temperature; c, speed of
sound; R, universal gas constant; x, polytropy index.

For collapse of a spherical cavity r and t are the distance from the center of the
cavity and the time measured from the moment of collapse (t < 0). After transition to dimen-
sionless variables

b=t re=rg, =1V, u=rgulty, 0=00, P=PpJP/

where any two quantities (for example, po and to) are arbitrary positive constants with
appropriate dimensions, and
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the equations describing gas dynamic processes_in a medium completely transparent to volume
radiation for the case of spherical symmetry have the form

® {Ou du 1dp {1.1)
;f(a?+“a—r)+;57=0'

2 “
+u ai) +x—1) (g-; + 2—") — 1P = .

1 {ac®
ot or r

&
The solution to be found must satisfy the following conditions: on the cavity boundary,
which is a free surface,

dridt =u, p="0, ¢ =0 (1.2)
at the center (r = 0, t > 0)
u(0, t) = 0. (1.3)
As r » o the pressure and speed of sound must be finite.

The problem posed admits a self-similar solution. System (1.1) with boundary condi-
tions (1.2) and (1.3) permit a group of transforms
2(1—k)(a—B)—k
201-k) .2 a-1 p

—&
r—ar, t—>a*t, u—>a'""u, ¢—>a , p—>a

for any exponent k. This allows us to seek the self-similar solution in the form

2 -
W= LUE, E=5FE, p=reReT PEOnETp g (B8, (1.4)

Substituting Eq. (1.4) in Eq. (1.1), we obtain a svstem of ordinary differential equatiocns
for the self-similar representations F(£), U(£), and P(£):

F P , 30 —28 —1 3.9
a—k0) (= 5)s—r0t+ 2B U T2 =0 (1.5a)
24—k ., P VE—U , 2(a—P) _ . b)
R UE— kGt + =0 (1.5b)
U= k) ot — (k= ) AUE + B — ) U + x* TP FP* 3 =0, (1.5¢)

The boundary conditions for this system follow from Eqs. (1.2), (1.3). 1In view of the self-
similarity, the cavity boundary corresponds to the line & = const. Without destroying
generality, by an appropriate choice of £, we may make £ = 1. Along the line & = const dr/
dt = r/kt, so it follows from Eq. (1.2) that

gE=1: Ull)=1/k, P =0, F = 0. (1.6)
The center (r = 0, t > 0) corresponds to the line £ = —=, and in view of Eqs. (1.3),
(1.4)
|UE)E-4|—0 as E—> —oco. (1.7)

The focus section (t = 0, r > 0) corresponds to the line § = 0, along which the pres-
sure, velocity, and speed of sound are functions of the radius alone. Therefore as £ » 0
the solution has the asymptote

P(k) ~ Elt+2a-Ble-1 [(E) ~ E, F(&) ~ E2, (1.8)

whence as r + » in view of the requirement of finiteness of the functions p(r, t), u(r, t),
c¢®(r, t) there follows the inequality k > 1.

Thus the problem under consideration reduces to finding the self-similarity index k
(k 2 1) at which a solution of system (1.5) satisfying conditions (1.6)-(1.9) exists, and
obtaining that solution.
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2. Determination of the Self-Similarity Index k. We write system (1.5) as two equa-~-
tions in the phase space (U, F, P) ’

aF _ pIxa — kU)? — KPF) b - (% — 1) k[(1 — kU) a + kdF)

ac = A=k 1=k a ~k(d+d) F] ’ (2.1)
dP _ prlka+(1—kU) (b + d)] |
@ " A=k e+ k(T dF
and the quadratures
U _ a(l—k)+k(b+dF
§d§ % [BF — (1 — kU2 (2.2

Here

a =w(U? - U), b = (3t — 1)U 4 xo-1Pa-1Fb-c _2

(+ for t < 0, — for t> 0), (2.3)
_3z—28—1 3—2B
d=——"7—U—-%=1

The initial data of Eq. (1.6) (& = 1) define the singular point A of system (2.1). The
nontrivial solution departing from point A corresponds to the asymptote

F=Fy(1 —kU), P = Py1 — kU)(“"m/‘“"U

- x(k—1) (a—1)
( K30 —28—1—(3—2B) Kk} ' 2.4)
_AfxB—-1—-k3—-2p)], 1 1/(@=1) p(a—B)/(a-1)

According to Eqs. (2.2) and (2.4) as £ +~ 1

1 1—B+k(B—28) 3
U=z +U,(1 -8 (Uo=_7_—fi)—k__——k-<0>' (2.5)

Thus on the free surface p, p, T and the entropy function § = pp~* vanish. As § chan-
ges from 1 to 0 there must exist a value £,(0 < §,; < 1), such that

R=KF —-(1—kUp=0. V (2.6)
For 0 <1 — £ < e (¢ being sufficiently small) according to Eqs. (2.4) and (2.5), R > O,

and at £ = 0, according to Eq. (1.8), R < 0. For the dependence of the gas dynamic quanti-
ties upon £ to be unique it is necessary that at £ = §,

a(l — kU) + k(b + d)F = 0. (2.7)

It then follows from Eqs. (2.6) and (2.7) that the numerators of the right sides of system
(2.1) vanish, The line § = &, in the plane (r, t) corresponds to the characteristic arriv-
ing at the center at the moment of focusing.

The equation of this characteristic and the relationships along it have the form

dar 1dp  x»du _  2xu Q=1 _Qa—1 2(B—2)

Pk - it i AN
Hence, along the line £ = const, which is a characteristic, the relationship r/kt = u — ¢
must be satisfied, or in self-similar variables 1 — k(U — YF) = 0, i.e., the equality

R = 0. After transformation to self-similar variables with consideration of R = 0 the rela-
tionship along the characteristic transforms to Eq. (2.7), and Eqs. (2.6), (2.7) define the
singular line of Eq. (2.1), which must intersect the unknown integral curve in phase space

at the singular point.
3. Integration in the Vicinity of the Singular Point. To eliminate fractional powers
we introduce the variable

T = Pa-1Fp-a, (3.1)

We then rewrite system (1.8) as
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! %:gw-[(n—i)k-*-qu)],
%=1%kg{k[<a—ﬁ>+x<b—m +%1B—1)b+ (@ — 1)d D). 3.2)

(1 —kU)?—
Here @ = (1—kU)a+k(b+d)F’
(3.1). The self-similarity index is found from the condition of existence of an integral

curve departing from point A and intersecting the singular line defined by Eqs. (2.6), (2.7).

we obtain a, b, d from Eq. (2.3) with consideration of Eq.

We write the equation of this line in explicit form

- 2(a—Pp) (k—1)+ &
F= g U—kUP, T=%{ g 2n(l — R — (b= D) + =25, }

(3.3)

It follows from numerical calculations that the desired intersection is achieved for a whole
range of k values at the singular point B, which is a function of k:

1.06 << k << 1.18. (3.4)

The character of the singular point is determined by the roots of the characteristic poly-
nomial, a general representation of which can be obtained in the following manner,

Let Uo, Fo, To be the coordinates of the singular point. With the replacement of vari-
ables U= Uo + X, F=Fo+ £, T=1Te + t in the vicinity of the point system (3.2) takes on
the form

df azbf dt az+bt
Z=hthisarme a=bt gy

The coefficients appearing therein are functions of the singular point coordinates. The
system characteristic polynomial

fody + byfy — A eifo crfo + aify !
tod, + bty exfo—h ety +ayt, | =0, (3.5)
d, e, ¢, — A

It can easily be seen that one of the roots of polynomial (3.5) is equal to zero. Thus,
after a corresponding linear replacement of variables the phase space layers into two-dimen-
sional planes in each of which the pattern of integral curves in the vicinity of the singu-
lar point is one and the same. The two other roots obtained for a series of k values from
the range of Eq. (3.4) prove to be of the same sign. Thus, the character of the singular
point B in the cases considered is a generalized node, and consequently the integral curves
reach this point in a nonanalytic manner, i.e., a weak discontinuity develops. Since the
line & = &,, corresponding to point B is a characteristic of the system, a weak discontinu-
ity is admissible thereon. However in the problem under consideration before the moment of
collapse this characteristic is in no way physically distinguishable. Therefore in the
given case the weak discontinuity is not justified, and our goal is to determine the value
of k at which the passage of the integral curve through B is analytic.

To distinguish this analytical curve from other ones we will use a procedure from [1].
Let A; and A, be roots of the characteristic polynomial, |A2| > ]All, by n in the vicinity
of the point B we have the expansion

F=F0+F1(U—Uo)+ +Fn(U—Uo)ﬂ'*‘CF(U’_'UO)6 I+ Fﬂ+1(U—U0)n+X+ DY

. (3.6)
T=T,+T,U—U)+ ... + Ta(U—U"+Cr(U—=Up® + Tt U—=Uy" " + ..,

where n < 8 = A;/A; < n + 1; Cf is an arbitrary number; Cr is a function of Cp. The angular
coefficients of the tangents to the integral curves at point B can have two values:

42D - l—CM L k20+ CM_I LC —2DV
A e e R o
' M (3.7)

AD — BC—'—BF
T, = D

Here
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. Lo 2—B _ B
nVo(2V0——2—,~k)——V§(3x A2 1—ku°‘ 1(A—-5))

o —

L =a,+ — ,
M=2EmBy ki, 4y + m;l;gB, A=%[x(1—ﬁ)+ﬁ—a],
B:%u[(i—ﬂ)bo—(a——i)do], D=~—%ﬁ, (3.8)
a,=x(U3—U,) + 222 F,,
b= 2 W, — 1) 4+ 5T+ 2, 4 =BZHL ) + 128, v =1,

The desired integral curve belongs to the sheaf of curves which enter the node with a common
tangent, the angular coefficient of which can be found from Eqs. (3.7), (3.8) with a plus
sign before the radical. The coefficients Fy and Tg for k 2 2 are determined uniquely as
the solution of a system of linear equations obtained after substituting expansion (3.6) in
system (3.2). We perform the replacement

F—F —Fzx— ... — Pz
Y= . 2L —F"+h
3.9
T—Tn—~T11:—...—T,,av"l . ( )
Yo = OEnY — Tny1.

It is obvious that for all curves of the sheaf which have nonzero Cy and Ct at x = 0 the
functions y.: and y, increase without limit. According to the Briot— Bouquet theorem, within
the sheaf of integral curves entering the node and having a common tangent at that point
there must be one analytical curve (or an infinite number for a dicritical node) to which
there correspond Cf and Cr values of zero. Thus for the desired analytical curve at x = 0
the functions y, and y. vanish, while

dy - dy
—d;l B = Fn+2, Tif XmmQ = Tﬂ+2' (3. 10)

Thus, the procedure for calculating k reduces to the following operations., For a given
k from the interval of Eq. (3.4) we find the point of intersection B of the integral curve
exiting from point A In the direction of Eq. (2.4) with singular line Eq. (3.3). 1In the
vicinity of B the coefficients of the expansions Ti and F{ are determined, in particular,
that value of n for whichn < § <n + 1, Performing the replacement of Eq. (3.9) in Eq.
(3.2), we find the integral curve exiting from the point x =0, y, =0, y2 = 0 in the
direction of Eq. (3.10). The value of k will be the desired one if at x = 1/k — U, (the
x-value corresponding to point A), according to Eq. (3.9), F=0, T = Poa-1FoP~2, where P,
and Fo, are defined by Eq. (2.4), i.e., by the specified initial data at point A. Calcula-
tion of the coefficients of the expansions T{ and Fi and transition to the functions y, and
y2 for n > 1 requires cumbersome computations, which were performed on a computer using the
SANTRA symbol-analytic transform system [3].

After the replacement of Eq. (3.9) system (3.2) takes on the form

dyi P‘i - (3.11)

dz °R’

where

. i ) R .
Pi= 2 (4 + Biy, + Ciys + Diyi + Giy,ya) 2 + Eiylysaia®;

h=3
2 i
R=3 (Ly+ My, + Nago + Q) &% 43=0, Di=Gy=0 (k<<4:
ko=l
Ei=0 (k<7 My=Ny=0 (<2); Q=0 (k<5)

The desired k value, corresponding to analytical passage of the integral curve through the
point B at a = 2, B = 1/2, % = 5/3 is equal to 1.090853, and at this point Ug = 0.849530,
Fg = 0.00451371, Tg = 0.103991. We note that in the region k = 1.090853 § ~ 2 , therefore
in Eq. (3.9) n =2 .

It
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4, Passage of the Integral Curve through the Point Corresponding to the Focus Section.
Having defined k, we continue integration of system (3.11), insuring analytical departure
from the node B, from the point B to the point O, at which U = 0. Upon approach to the
point O we have the asymptote

Fa F U2, T TU. 4.1)

It follows from an equation corresponding to quadrature (2.2) that the point of the phase
space (U= 0, F=0, T =0) corresponds to the value £ = 0, i.e., the focusing section t = 0,
According to asymptote (4.1) and the definition of T we find that P ~ Ulit2e—-Bla-1 = and
from quadrature (2.2), U~ &, Thus, with consideration of Eq. (1.4) the distribution of the
gas dynamic functions in the focus section t = 0 appears as: u " rl"k, c? n o237k s
p,NJﬂua—mﬂ-m—UK“_“ . Upon continuing the integration of system (3.2) (t > 0, & < 0) the
derivatives U'(£), F'(£), T'(E) become infinite at some value of &*, i.e., U(§), F(&), T(E)
cease being unambiguous functions of £. This indicates that no continuous self-similar solu-
tion exists joining the point O corresponding to the focus section to the point C (r = 0,

t > 0) corresponding to the center, i.e., a shock wave reflected from the center develops,
which one would expect from physical considerations.

5. Study of the Solution in the Vicinity of the Center (r = 0, t > 0). At the center
(r =0, t > 0) the velocity u(0, t) = 0, and the pressure p(0, t) and speed of sound c(0, t)
must be finite functions of the time t. For self-similar representations the boundary con-
ditions are:

= —o0, |U(E)EV*| < cog P(E) ~ [EHa—PU@-1k, )
F(E) ~ B[, (5.1)

and by definition

T(E)— Ty = const, £ —» —oo. (5.2)

These conditions are satisfied only by the final value U(E) = Uo{(0 < Uy < =),

We assume that U(E) ~ IEIY. Then in light of Eq. (4.1) from Eq. (1.5c) we have for

y>0 (lU(E)l—»éo) —'k(H_%)"k?"'&&—'ﬁﬁi——t: 0, hence, Yy = 3/k, which contradicts
the condition |U(€)£'1/k| < =, We then assume that y < 0 (U({) - 0), hence (%gézigl——Z)%-_.
%;1??==0 , and consequently, k = 2(1 — B)/(3 — 2B) < 1, which contradicts k > 1,

Thus the value of Uo must be finite and is found by substitution of Eq. (5.1) and U = U,
in Eq. (1.5a): Uy= [(3 — 2B)k + 2(8 — D1 —1)>0 . We define the value of To by substitu-

ting Uo and Eqs. (5.1), (5.2) in Eq. (1.5¢): To= #""%2/k + (3x — 1)U, —2]1>0 . Consequent-
quently, as E— —oo U U, T — Ty, F— FyE¥k,

It is obvious that the behavior of the integral curves in the vicinity of this point
can be studied conveniently by making the substitution

f=1F, U=U,+ 2z, T =Ty +y. (5.3)
As a result we have
@ T (kla—B+x(B— D]+ x(B— Ve, + (@—Dd,] R},
%=—1_—’,,U—{(x—1)k+nc3}. (5.4)
(1 —k0)2f — 2

Here R = - : ’
(T—#0) A, —kAg T k(c, +d)

2 — 2
4,=20=0 4 = [U3 Uy + U, — )z + 225

c=¢y+ ¢y, ¢g = 2(Uy — 1/k), ¢, = (3% — 1)z — 22~1y;

—2—1 —(3—2 30 — 2B —
4= = Ba)_U(;( B, _Ba—2—1

Z.

N =

1 a—1
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The point (x = 0, y = 0, £ = 0) is a singular point of system (5.4). The roots of the
characteristic polynomial in the vicinity of the point are determined by the expressions
A= —k(a —B)x>1zy, A, = —2kn, Ay = 3kx, 2o =kTo/(1 — kUg) (for the parameter values used two
roots are negative and one positive). Thus this point is of the generalized saddle type.
The integral curves departing from this point either coincide with the saddle separatrix
corresponding to the direction

Y =y, | = fyr, . (5.5)
Sula—B+x(p—1)]z, _ 5zo[2'/.—(a——B)x 'lzo]
2% (B~ 1) 2+ 2% T T (UE—U,) [%* (B — 1) 2z, + 2x]

ral curves which have an asymptote as x - 0

where y,=

s fo

, or belongs to a sheaf of integ-

yzylx+...+y,!x"+Cle,szx? (5.6)
(v = 2%/ [(2—B)z ], 2o = ETo/(t — kUy)).
For ¢ = 2, B = 1/2, x=05/3 vy = 20/9, consequently n = 2; C is arbitrary, and y,, ya2, C,
are found from
(o — B % ky, (2, + v
(1 —kUg) |2 (2 —B) x> 1z + 3x]"
1 —
C,=5C(Us=U)[3 (1 —kU) — B —1) T,].

v, = ®'e [3" +(@—f) Km—-lzo]v Y, =

We write the quadrature defining the dependence of U, F, T upon £ in the form

dr (1 — kU) Al — kAo:t +k(c, -+ dl)
- = : - . 5.7
E’d; % |&* — [ (1 — kU)*] (5.7)
By substituting Eqs. (5.5) and (5.6) in Eq. (5.7) for each of the integral curves we obtain
the corresponding asymptote for the function x(§) as £ » —»: for the saddle separatrix
XN lgi-z/k; for the integral curve belonging to the sheaf, x ~ }gi-Z/kY. In either of these
cases F Iélz/k, i,e., boundary conditions (5.1), (5.2) are satisfied.

Thus, the functions of time corresponding to the values of the gas dynamic quantities
at the center can be expressed as
u(0, 1) = 0, c(0, t) = Fy20-kMk,
p(0, 1) = Pjilza-pa-n-kla~1k 5(0, {) = Rgtl2(1-BX1~k)—~k}/(@—Lk,

6. Determination of the Reflected Shock Wave Front. It has been noted previously that
a reflected shock wave develops behind the focus section. In view of self similarity the
reflected shock wave front corresponds to a line § = &f = const, so that the shock wave
velocity D = r/kt. For self-similar representations of the gas dynamic functions the condi-
tions on the shock wave front can be rewritten in the form

1 (e—1)LE+2F

R TN,
F‘ = [uLo(Lo _ Ll) + FO]LI/LOY (6.1)

T, = To(F/Fo)B-l(Lo/Lx)a-lx

where Lo = 1/k — Up; L, = 1/k — U1;>the subscript 0 refers to functions ahead of the front,
and 1, to functions behind the front.

We will now define the shock wave front and the values of the gas dynamic functioms
thereon, For each integral curve departing from the point O in the direction £ < 0, i.e.,
at t > 0, according to Eq. (6.1) the values of U,, F,, T, define the curve ®, in the phase
space. The shock wave front corresponds to the point of intersection of the curve ¢, with
some integral curve departing from the center (r = 0, t > 0) following one of the asymptotes
Eq. (5.5) or (5.6). One must obviously consider that the variables on this curve can be
recalculated according to Eq. (5.3). With consideration of the three-dimensionality of the
phase space it is improbable that the intersection point would lie on’ the saddle separatrix
departing from the center (asymptote (5.5)), which was confirmed by calculations. The sheaf
of integral curves departing from the center given by Eq. (5.6) forms a surface in the phase
space as C changes (0 < C < ), The integral curve 9, intersects this surface at a point

1
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lying on the curve of the sheaf corresponding to C = 1077. Thus a solution has been com-
pletely obtained in phase space. The dependence of the self-similar representations cf the
gas dynamic functions U, F, P on the self-similar variable £ is defined ahead of the shock
wave front by Eq. (2.2) and behind the front by Eq. (5.7).

Thus, the reflected shock wave front in the plane (r, t) corresponds to a line § = &f =
—0.8809676; ahead of the front Uy = —0.579504, Fo = 0.181274, Po = 0.00869383; behind the
front U, = 0.451876, F, = 0.304523, P, = 0.0524506. The gas dynamic function distribution
on the focus section is as follows: u = 0.82318 Eri-k, ¢z = 0,115196 £5r** ™™, p = 0.0463816 E§ r*~** p =

(1671053g§J‘2h. The change with ‘time in gas dynamic functions at the center is u(0, t) =
0, p(0, 1) = 1.524038 - 10-0IE,B/A3/%=3, (0, #) = 0.00028086 [g[/20—0%, (0, 1) = 0.000043 |gg['/* ¢z,

The authors are deeply indebted to V. S. Imshennik for posing the problem studied and’
evaluating the results obtained and to M. S. Gavreeva for clerical assistance.
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BOUNDARY CONDITIONS ON A SHOCK
WAVE IN A SUPERSONIC FLOW

V. G. Shcherbak UDC 533.6.011

The theory in [1, 2] is used extensively in investigations of supersonic viscous gas
flow around blunt bodies. A two-layer flow model consisting of a viscous shock layer and a
domain of passage through the compression shock is proposed in these papers on the basis of
an analysis of plane and axisymmetric supersonic flows around bodies.

The equations describing the domain of passage through the shock are integrated once
and the relationships obtained (generalized Rankine—Hugoniot conditions) are used as boun-
dary conditions on the outer boundary of the viscous shock layer. In contrast to the classi-
cal Rankine—Hugoniot conditions, the generalized conditions take account of molecular trans-—
port effects in the zone of the compression shock., The question of the influence of viscos-
ity and heat conductivity on the flow of a homogeneous gas behind a strongly curved shockwave
was first investigated in [3].

When chemical reactions are present in the flow, the problem of flow in a shock laver is
already, in principle, not separated from the problem of the shockwave structure because of
the presence of a source term in the mass conservation laws of the separate components. To
compute it in the generalized Rankine—Hugoniot relationships the problem of the shockwave
structure must be solved and joined with the solution within the shock layer. Avoiding this
procedure to close the problem on the viscous shock layer, the chemical reactions within the
shockwave are neglected by omitting the source term in the boundary conditions. As is shown
in [4], let us note that the modified Rankine— Hugoniot relationships should be utilized for
large Reynolds numbers; also sine application of the ordinary Rankine—Hugoniot relationships
results in a finite error in the general case because of the origination of a source (sink)
of the chemical component on the boundary.

The approximate analytic estimates executed in [5] showed that the two-layer model with
the frozen wave front is justified for air for V, <7 km/sec. It is interesting to esti-
mate numerically the influence of chemical reactions in the shock leading front on the flow
characteristics.
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